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stract : Suppose P and PO denote closed positive and open eositive quadrants in 3 respectively. Let A be any lattice in R2 with polar lattice h . Let F bg a convex 
and symmetric (with respect to the axes of coordinates) distance function with 
F(1,O) = F(0,t) = 1, where t E R and let p = ire; (5 E R 2 / ~ ( x )  < 1). f o r  certain 
distance functions F, there exist non-zero 2 E P n h a n d 2  E PO n A-' such that 
p F(5) F(y) < Yt, where ')' is a constant depending on t and the distance function. 
There exist a lower bound t2(t + l / t )  and an upper bound 4(t  + l l t )  for 3; over all 
convex symmetric distance functions. 

Let P and PO denote closed positive and open positive quapants in R 2 

respectively. Let A be any lattice in R~ with polar lattice A . Let F be a 
convex and symmetric (with respect to  the axes of coordinates) distance 
function with F(1,O) = F(0,t) = 1, where t E R. Without loss of generality 
we can 'take t 2 1. If t C 1, we have the same situation as in the case when 
t P 1 with the coordinate axes interchanged. Let p = a rea [E~~2 / f (q )  C 1). 

Hossain and worley3 have shown that for certain distance functions F, 
there exist non-zero g€PnA and - y ~ ~ O n ~ * '  .such that 

where yt is a constant depending on t and the distance function. In this note 
we show that y t  has a: lower bound and an upper bound over all the convex 
symmetric distsnce functions. In this note symmetric means the symmetri- 
city with respect to  the axes of coordinates. 

2. Discussion 

The following notationswill be used frequently in this section. 

F1 (A) = i n f [ ~ ( ~ )  : ZE A ~ P ]  
b 

FZ (A ) = i n f i ~ ( ~ * )  : x* E A*n3J0 ] , 
wIiere F is a distance function. 
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Theorem: 
If F is any convex symmetric distance function with F(l,O)=F(O,t)=l, 

then 
2(t+l/t)  < p F1 (A) F2 (A*) C 4(t+l/t) 

for the lattice A with basis (1,0), (0,t)} i 
The lower bound is best possible for the distance function F(xl, x2) = 

I x1 I + l / t  I x2  I and the lattice A with a basis (1,O) and (0,t). The upper 
bound may not be best possible, but cannot be below 4t. In order to prove 
the theorem, we use the following lemmas. 2 

Lemma 1 
Let A be th: lattice with a basisa{(l,0), (os)). Then 

min pF1(A) F2(A ) = 2(t+l/t), for the convex symmetric polygonal distance 
N 

fGnction F given by 
l-cr F(xl,x2) = max{-I~~ I +  l / t  lx2 I ,  Ixl I+ '%lx2 I) 

cr a t  

where 112 < a! < 1. 

(a has to satisfy the above conditions since F is convex and symmetric). 

Lemma 2 
Let A be a lattice with basis (1,0),(0,t)). Let F be the convex poly- i gonal distance function, where F(xl, x2) = 1 has two more vertices at (&,at) 

and (P,P/t) in Po in addition to (1,O) and (O,t),where 112 < a L 1 and the 
limit of depends on a .  

Then m b  p F1 (A) F ~ ( A * )  > 2(t+l/t). 
Q,b '  , 

From Lemma 1 and Lemma -2, we .can establish the left hand side of the 
inequality in the theorem. 

Suppose F(xl,x2) = 1 intersects the 

lines OL at B and OM at C respectively, 

where L E (1,t) and M = ( l , l / t ) .  

Let B s (&,at) and C (P,PIt). 

The curve F(xl,x2) = 1 passes through 

the points A 5 (0,t) and D (1,O). 

Then Fl(A) = 1.' 
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.Figure 1. The curve F(x 1 2 '  ,x ) = 1 passes through the points A = (OJ) and D = (1,O). I t .  

intersects the lines OL at B and OM at C respectively, where L = (1,t) and 
M = (1, 11th 
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and F ~ ( A * )  = F(l , l / t )  = 1/p F(p,p/t) =.lib. 

Let G(xl, x2) = 1 be the equation of the polygonal ar'c ABCD. Then for this 
distance function G, 

Gl(A) = 1 and G ~ ( A * )  = 1 /b  

let p~ = 4 x area fpolygon O A B C D ~  
Then from Lemma 2 we have 

Pg G1(A) G2 (A*) = llGsl/p . . P 2(t + l / t )  for all suitable o and 0. 

Now let p = R~ : F (?) < 1) . 

Then from the convexity p 2 PG. 

Hence pF1 (A) F ~ ( A * )  = p. 110 > p ~ .  110 P 2(t+l/t). 
ie we have proved that 

pF1(A) F2(A*) P 2(t+l/t)  for all convex symmetric distance 
functions F and the lattice A with basis (1,O) ahd (0,t). 

:. m p  pFl(A) F ~ ( A * )  2 2(t+l/t). 

Now we proceed to  prove the right hand side of the inequality in the 
theorem. , 

Let A be any two dimensional lattice and (a,b) E A n PO and 
(-c,d) E AnQ be two points such that F(a,b) and F(d,c) are minimal, where 
Q is the open second quadrant. 

(d C) 
\ Note that if (-c,d) E A, then A*, where d(A) is the determi- 
nant of A. 

Let D =[(xl, x2) E R~ : F(xl, x2) < F(a,b), F(-x2, xl) < ~(d,c]). 

Then from the choice of (a,b) and (-c,d) there are non-zero points of A in D. 

Then there are no non-zero points of A in the parallelogram. 

- 2 + tx2 1 4 tF(d,c), 1 txl+x2 I < t ~ ( a , b ) ]  { , ( x 1 . x 2 ) ~ R  . I  1 
which lies entirely in D. 
Hence by Minkowski's linear form theorem1, we have 
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NOW p = areafix,, x2) E ~2 : F ( X ~ ,  x2) < 11 

< 4t, as F(xl, x2) is convex and symmetric. 

.'. p F1(A) F2(h*) < 4(t+l/t) .  
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