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* Abstract : If p, g are distinct odd rational primes, it is shown that the diophantine
equations |o|2 = p2 and |x'2 = p have no solutions in integers belonging to the

cyclotomic field K = R ( ezni’,g), ifg> 4% ppz/a- It is also shown that there are values
of p and g, other than those satisfying g = p or g = p2 4 p + I, for which the two
equations have non-trivial solutions in integers belonging to K.

1. Introduction

Let p and g be distinet odd rational primes. Ankeny and Chowla! have
proved that the equations

] = p? (1)
la|>=p (2)

have no non-trivial solutions in integers « belonging to the cyclotomic field
K = R (e2™9),if g > pP% In section 2, we show that the condition g > pr?
can be replaced by ¢ > } p?% while in section 3 we obtain values of p and g
for which the equations (1) and (2) have non-trivial solutions in integers
belonging to K.

and

2. Condition for non-solvability

Theorem 1. If g > } pP3 the equation (1) has no solutions in integers
o belonging to the field K apart from the trivial ones, namely, a = + p0",
® = +p, where 7 is prime to g, and 8 = e27%,

Proof. Write
a=T(0)=cy +¢ 60 +0,0% + ... +c¢, 40
where ¢y, ¢;, Cg,-..,C,—; are defined.!

Then, if « is a solution of equation (1), it can be shown,! that

T(O)=cy+0 (0 +67 4672 4 ... 67 Yy Lo, (08 + 6% 4092 4 . P
+¢; (67 4097 - 0% - | 4 GIPT1y L

15799—6
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where f is the least positive integer such that
P =1 (mod g)

and 4z p¢, j =F 2% (j[¢) == p? (mod g ), ete.,
and that |

S+ (e +e2+c2+ .. ) = p?
and v

o +f(eg +6 + 06 + ..en. )= +p
Consider the following three cases : —

Case (1). Suppose that ¢, # 0 and that only one of ¢y, ¢;, ¢,
is non-zero.

Then, equations (4)> and (6) reduce to

¢ +fef = p?
and

¢ +fe = £p.

But, since ¢, # 0 and f # 0, the above two equations give

and so ¢, = +

Whence

and therefore

(3)

(6)
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By equation (3), p* = 1 + Ag, where A is an even positive integer.

Hence,
flogp =log (1 + Ag) > log 29,
and so ‘
log 2g
f> log p ° (7)

From equations (6) and (7), we obtain

log 2¢

9
L log »

H

which gives
g <ip® < iprd ifp>1
Take the exceptional cases p = 3 and p = 5.

When p = 3, we have from equation (6), f = 5, and therefore equation
(3) gives

3% =1 (mod g),
which implies that the only possible value of g is
g = 11 < } p?P3,
When p = 5, we have from equation (6), f = 9 and equation (3) gives
52 =1 (mod g ),

which implies that the only possible values of g are g = 19, 31 or 829, and for
each of these values of g,

g < §p°3.
Thus, in this case, equation (1) has no non-trivial solutions if

g > % pPh.
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Case (ii). Suppose only two of ¢y, ¢, ¢,,...... say ¢, and ¢,, are non-zero.
First, suppose ¢, = + 1 and ¢, = + 1.
Then equations (4) and (5) reduce to

¢o? + 2f = p? (8)

¢o +f(x1£1)=2xp (9)

and

But, sincec, # + pasf # 0, it follows thatc, and ¢, must take the same sign
and so equation (9) gives

G + 2f = + p. (10)
Since f # 0, from equations (8) and (10), weget2 (f + ¢, ) = 1, which
is clearly impossible. Hence, our supposition that ¢, = + 1 and ¢, = + 1

is false, and so it easily follows from equation (4) that p% > 5f.
Proceeding as in case (i), it can be shown that

g < $pri < }pri.
Thus in this case, equation (1) has no non-trivial solution if
g > % pri
Case (iii). Suppose n ( > 3) of ¢;, ¢, Cjpo..... are¢ non-zero.
Then, from equation (4) v‘ve have
pznf
Proceeding as in case (i), it can be shown that
g < %ppfi < % pP%, since » > 3.
Thus, in this case also equation (1) has no non-trivial solutions if
g > % pPi.
The proof of the theorem is now complete.

The next theorem follows directly from Theorem 1.

Theorem 2. Ifg > % pP3, the equation (2) is impossible in integers o

belonging to the field K.

-
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3. Equaticns with non-trivial solutions

Theorem 3. If p and ¢ are odd primes such that p is a primitive root of g,
then the equation (1) has no non-trivial solutions in integers o belonging to
the field K.

Proof. Since p is a primitive root of ¢, we havef = ¢ — 1 and so
Gy = Cy = C3 = ...... = C,.
Hence,

a=T(@) =cy +¢, (0 +6%+6 ... 4 G91)

=6 — 6
and we obtain a trivial solution.
The theorem now follows.

Corollary. Under the conditions of Theorem 3, the equation (2) is impossible
in integers o belonging to the field K.

Theorem 4. TLet p and g be odd primes such that g = 2p + 1, p=1
(mod 4) and 2p — 1 = k2%, where k is a rational integer.

Then

o = ’%1 + 62 + 6% 4 627 4 . 4 perr

is a solution of the equation (2).

Proof. Since (2|lg) = — 1l,as g =2p + 1 and p =1 (mod 4), 2 is a
quadratic non-residue of ¢ and so by Euler’s Criterion,
o1
22 = —~1(modyg).
Whence,
w= _1 (mod g).
Since g > 3, it follows that 2! == — 1 (mod g )for1 < t < p. But, since
2p = —1 (mod ¢ ), we have

(2p)?» = —1 (mod g),
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and so p? =1 (mod ¢ ) and p* == 1 (mod g) for 1 < ¢ < p.

Also (plg) - 1.

Hence, 2, 2p, 2p%,............... ,2pP~1 are incongruent quadratic _non-residues

modulo g. But, all the g 2_ 1 incongruent quadratic non-residues modulo g

are given by —12, —22% —35, ...... , — (.9—;—1)2 and so 2, 2p, 2p2,...... ,2pP—t
are congruent to —12, —22 —32 . ... , — (g—%—l)z modulo g, in some order.
Hence,

“ = k2i1 + 62 4 6 g2 + fwPt

= 15;2}'—1+0~12+6—22+0—32+ ...... + 6
and therefore
g—1\2
oc=k:‘;—1+t912‘—|—022+032+ ...... +6(2
_1\2
Since 12, 22 3% ...... s (g 3 1)are the incongruent quadratic residues
2 i 2 —
modulo ¢, and (g —{2_ 1) , (9 %23 ), ...... , (g — 1)% are also g 3 1 incon-

gruent quadratic residues modulo g, these must be congruent to 1%, 22, 3%,

— 1\2 '
......... <g—2~1) modulo g, in some order. Hence, the Gaussian sum

p(Lg) =1+6"+6" +6° ... & -

1+ 2(60° 462 + 68 + ... + 6

But, ¢ (1, g) = iyg, since g = 3 (mod 4).
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Thercfore,
o
+ 6 )= 19,

which gives

012+022+032+‘ ...... 16 5
Hence,
k41 —1+ifg k| ..g
e 2 =gty
and ®
o0 = ﬁ s ié
2 2
therefore _
|a‘2— /cz'_—f—g —

The theorem now follows:

Theorem 5. If p and ¢ are odd primes such that g = 4p — 1 and the
order of p modulo g is 2p — 1, then ;

N R T
is a solution of the equation (2).

Proof. Since the order of p modulo g is 2p — 1, it follows that 2, 2p, 2p?,
............ ,2p?~2 are incongruent modulo g¢.

Since ¢ = 4p — 1,.we have (2)g) = — 1 and (ply) = 1.
Thus, (2p')g) = — 1, for any integer r, such that 0 < » < 2p — 2.
Hence, 2, 2p, 2p2...... ,2p*~2 are incongruent quadratic non-residues modulo g.

Asin the proof of Theorem 4, it can be shown that these must be congruent
’ _1\2
_to —1%, 22 32 . . , — (9—2]> modulo g, in some order, and so,

2p—2

@ =146+ 6% 4w ... + o

[
+
D

L
+
et

&
+
R

I

+
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Therefore,

) ’ (g:I)z

a o= 140" 4162 16 4 40 77

Now the Gaussian sum,

$(lg) = 14+6° 46 46" ... 460

a=1y3
=142 +6" + 6% 1 .. +6 7).
= i\jg, since g = 3 (mod 4).
Hence,
- g—1\2 L —
et e et 1 AERi ,%Jr%/g
and therefore
a = 1+ iy nd o {—:-M
2
Whence,
1
o |2 = T+g = p.

The next two theorems can be easily verified using the Gaussian sum.

Theorem 6. If p and g are odd primes such that 4p = a® + b2, where
a and b are coprime odd integers, then the equation (2) has a non-trivial solu-
tion in K, given by:

s—1ye
a=a;b+b(1+012+022+ ------ +'92))

Theorem 7. If p and ¢ are odd primes such that p = a® + b2%, g = 3
(mod 4), where a, b are coprimes rational integers of opposite parity, then
the equation (2) has a non-trivial solution in the field K given by

@ =a+b(l 46 6% Lot 4. 1 R
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